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Abstract. In previous versions, the muon front end was matched to 201.25 MHz, the baseline Fermilab Linac acceleration frequency.  In this note we rematch the front end to 325 MHz, a baseline acceleration frequency for Project X.  The rematch requires shorter, higher-gradient rf cavities, but results in a more compact and possibly more affordable system.  We demonstrate that a 325 MHz system is possible with similar acceptance to that of the previous 201.25 MHz system. 
Introduction
	For a +-- collider, muons must be formed into short, intense bunches for maximal luminosity.[1, 2]  The muons are produced from bunches of protons that are focused onto a target to produce pions, that then decay into muons.  The muons are produced within a very large phase space that must be captured and cooled to obtain high-luminosity parameters. Ref. [3] presents a new scenario for this capture and cooling process.  Longitudinally, the muons are initially captured into a string of rf bunches, and kept within those bunches until cooled to much reduced emittances, both longitudinally and transversely.  A similar scenario can be used for a neutrino factory, but less cooling is required.
	Previous versions of this system have used 201.25 MHz bunch spacings as the final goal of the rf capture system.  This frequency is matched to the baseline rf frequency used by the Fermilab accelerator chain, and is designed to match that existing resource of rf equipment and experience.  In the Project X era, Fermilab would follow ILC SRF parameters to a final linac acceleration frequency of 1300MHz, with initial proton acceleration at 162.5 MHz (an rfq), 325 MHz (initial linac) and 650MHz (cw SRF linac)[4], and 201.25 MHz rf will no longer be used. It may then be desirable to match this newer set of frequencies.  (A match into 1300/6 =216.7 MHz could also be used.)
	The initial muon beams produced from the target and initial production solenoid (202T) have beam sizes that match well into 201.25 MHz rf cavities (σx = ~8cm).  They would also fit into 162.5 MHz rf. (216.7 MHz is similar to 201.25 MHz and would require minimal redesign.)  However, 325 MHz rf is expected to be more affordable and is also expected to enable higher gradients within the focusing fields, and could match downstream cooling systems more directly. It also would be expected to have more restricted apertures requiring greater adaptation from previous (200 MHz) designs. Therefore in this note, we study the use of 325 MHz as the baseline initial cooling frequency.         	 
Rf Considerations 
	Going to higher frequency changes some of the geometric constraints.  In particular the transit time factor is reduced.  Our previously designed front ends used 0.5m as a reference rf cavity length, and at that length the transit time factor was ~0.8 at 200MHz and it would be reduced to ~0.52 at 325MHz, which is also a Buncher frequency in the 200 MHz scenarios, and is  ~0.2 at 450 MHz (bunching frequency for the 325 case.)  That reduces the effective accelerating gradient by that factor, and makes the bunching much more difficult. The transit time factor T is given by 

, where g is the cavity gap length,  is the rf wavelength and β is the particle speed (~0.92).  That reference length, which already undesirably diminishes gradients in the 200 MHz Front End, must be reduced for a 325 MHz system.  In our simulations we will use 0.25m as the reference cavity gap, and in our initial reconfiguration we replace the 0.5m rf cavities by 2 adjacent 0.25m cavities.   Fig. 1 shows a comparison of transit time factors for 0.5m and 0.25m cavity lengths.  The 0.25m gap obtains T= 0.863 at 325 MHz, and T = 0.75 at 450 MHz.
	In the baseline studies, we model the rf cavities as pillbox cavities, which sets the radius of the cavity ro as a function of the rf wavelength:

				

with an accelerating field dependent on radius:

				

The cavity radius r0 is 0.57 m at 200 MHz, but is reduced to 0.353m at 325MHz, and 0.255 m at 450MHz, a typical frequency for the buncher cavities.  The beam acceptance radius should therefore be reduced from the ~0.3m used in the 200 MHz studies to ~0.2m or less for 325 MHz systems. This would increase beam loss, which may be compensated by stronger focusing. In our initial example we are using 2 T focusing in the buncher, which is similar to that used for the 200 MHz cases; the transverse acceptance will be reduced. In future examples we will increase this to 3 or 4 T.
	The longitudinal motion period is dependent on the rf gradient and wavelength. The oscillation period is

				 ,

where the Vrf' indicates real estate gradient (Erf =20 MV/m with a 2/3 rf cavity occupancy makes Vrf' =13.3 MV/m), and cos s is the bunching phase. (Vrf' should also be multiplied by the transit time factor.)  With 325 MHz rf, cos s =1 and 250 MeV/c μ, osc = 24.7 m.  The Buncher and Rotator are ~ 1 synchrotron period in length.
	The capture efficiency depends upon the acceptance of rf buckets. The rf bucket energy width is given by: 

		,
which is ~100MeV/c at the reference values.  To obtain the same energy acceptance the product of the rf gradient times the wavelength must remain constant; therefore a 325MHz system should have ~1.6 × more gradient than a comparable 200 MHz system. In our initial 325 example, we use gradients that are a bit larger than the previous 200 MHz version.  Our baseline has 25 MV/m in the cooler (with 20 MV/m in rotator and 15 in the buncher)  With the larger gradient, we choose to have more cooling per cell, with 1.5cm LiH slabs replacing the 1.1cm used for the IDS case. This enables a shorter cooling system.
[image: ]
Fig. 1: Transit time factor as a function of rf frequency from 0 to 600 MHz for 0.25m rf cavities (solid line) and 0.5m rf cavities (dashed line) with β=0.92.  Note that rf acceleration is significantly degraded in 0.5m rf cavities, particularly above 300 MHz. 

Phase-Energy Rotation and Muon Capture at 325MHz

	In the neutrino factory design studies, the new method was developed for the capture, bunching, and phase-energy rotation of secondary beams from a proton source, using high-frequency rf systems. [5] In this method, a proton bunch on a target creates secondaries that drift into a capture transport channel. A sequence of rf cavities forms the resulting muon beams into strings of bunches of differing energies, aligns the bunches to (nearly) equal central energies, and initiates ionization cooling.  This method was integrated into the IDS neutrino factory[6] and also used in muon collider designs.[7]
A version of the front end system for a muon collider that was initially matched into 201.25 MHz was readapted to match into 325 MHz.  That front end system is shown in Figure 2.  ~8 GeV protons are targeted onto a Hg jet target that is encapsulated in a 20 T solenoid.  ’s created from the target are captured as they traverse the ~15 m long solenoid, that has a field profile that starts at 20 T and 7.5 cm radius at the target and tapers off to ~2.0 T and 30 cm radius at the end.  This section captures ’s and ’s with transverse momenta pt < eBr/2 = 0.225 GeV/c, with an adiabatic damping of the transverse momentum. 


Figure 2: Overview of the front end, consisting of a target solenoid (20 T), a tapered capture solenoid (20 T to 2.0T, 15 m long), Drift section (36.3 m), rf Buncher (25.5 m), an energy-phase Rotator (27 m), and a Cooler (80 m).

The taper is followed by a Drift section, where ’s decay to ’s, and the bunch lengthens, developing a high-energy “head” and a low-energy “tail”.  The separation of particles that develops is given by:

		, 
where ct indicates the time delay from a reference particle of speed 0,  L is the distance from the production target and i is the particle longitudinal speed vz/c. In the Buncher, rf voltages are applied to the beam to form it into a string of bunches of different energies.  This is obtained by requiring that the rf wavelengths of the cavities is set to an inverse integer (1/N) of the ct between reference particles:

			
For the 325 MHz case, muons with p0 = 250 MeV/c, pN = 154 MeV/c and N=12 are used as reference particles.  The reference particles (and all intermediate bunch centers) remain at 0-phase throughout the buncher.  The rf gradient is gradually increased over the length of the buncher so that the muons are “adiabatically” bunched around the bunch centers that are spaced by an rf wavelength.  The result is that the muons are formed into a string of bunches of different energies. At these parameters, the rf frequency decreases from 550 to 371 MHz along the 25m Buncher while the rf gradient in the cavities increases from 0 to 15 MV/m. In the 325 baseline design, the Buncher and Rotator reference transports consist of 0.75m cells containing 2 0.25m cavities, within a 2.0T solenoid.
In the Rotator, the lower energy reference particle is moved to an accelerating phase as the wavelength separation is also lengthened (12  ~12.045). The gradient of the rf cavities is increased to ~20 MV/m to bunch the beam while accelerating/decelerating the bunches that are displaced from the central reference.  The Rotator is designed to continue the adiabatic bunching of the beam while moving the bunches to ~equal energies. In this initial 325 case, the Rotator is 27m long.  RF frequencies in the Rotator vary from 370 to 326 MHz over the length. 
At the end of the Rotator, the reference particles are at the same momentum (~245 MeV/c) and the rf frequency is matched to 325 MHz into the Cooler.  ’s with initial momenta from ~80 to ~500 MeV/c have been formed into a train of 325 MHz bunches with average momenta of ~250 MeV/c and prms/p ≈ 10%. The bunch train is ~50m long with ~50 bunches.
Note that the Buncher and Rotator simultaneously bunch and rotate both μ+ and μ- beams in the same transport, with roughly the same efficiency.  This occurs since the transport system is solenoidal, which focuses both signs equally, and the rf system has stable phases (displaced by π) for both signs.  For long bunch trains (~10 or more bunches) the relative stability of one sign is roughly the same as the other.
The ’s are matched into a cooling section which consists of rf cavities, LiH absorbers for cooling and alternating solenoids (AS) for focusing.  (B oscillates from 2.8 to -2.8 T with a 1.5 m period.). The cooling doubles the number of accepted μ’s while reducing the rms transverse emittances by a factor of 3.  After ~50m of cooling, we find that the system accepts ~0.12+/ 8 GeV proton within reference acceptances of  L,N <0.2 m, t,N <0.2 m, which are the acceptances of the downstream acceleration and storage rings. (The cooling system also cools μ+ and μ- at the same rate.)
This procedure matches an initially short bunch with a broad momentum spread into a sequence of bunches of moderate energy spread.  The matching is not ideal in that it does not produce a string of bunches of equal densities.  Bunches near the head of the beam are overfilled, with resulting beam losses, and bunches near the tail are of low density.  Much of this unevenness is due to that fact the path length difference is not linearly proportional to momentum or energy offset but is proportional to (1/β-1/β0) = (p2+m2)1/2/p -  (p02+m2)1/2/p0.  

  Parameterization Procedure with ICOOL
The initial solution was based on a previous 200 MHz geometry readapted to a 325 MHz result, and developed within the ICOOL simulation model.[8]  The parameterization was somewhat shaped by the properties and limitations of the present ICOOL program. Development of this solution was somewhat constrained by the features in ICOOL, with its reference particle model and acceleration modes. In ICOOL, rf phases are determined with respect to a reference pseudoparticle (REFP), which we choose to be a muon. REFP is a particle at a reference momentum (with no transverse momentum), which in Mode 3 is at constant velocity (unaffected by material or acceleration rf).  In Mode 4, REFP is decelerated by energy loss in material and accelerated by a set gradient (MV/m) in rf cavities.  Note that this acceleration is not affected by the rf voltage or phase; the REFP acceleration is different from that of a beam particle in the system. (A reference particle mode that duplicates beam particle motion is a desirable option not in the present ICOOL set.) For the buncher and phase rotation a second reference particle REF2 is also used; it has a momentum and acceleration gradient that can differ from REFP.	
	For acceleration, ICOOL model 10 is used for the Buncher and Rotator, while model 2 is used for the cooler section.  Both of these use cylindrical pillbox fields (TM010 mode) to model the rf cavities. For the Buncher, model 10 is used with REFP at 250 MeV/c and REF2 at 154 MeV/c, with the reference particles set at 12 rf wavelengths apart.  Mode 3 is used; both reference particles have constant momenta. In our initial example the rf frequency decreases from 550MHz to 371MHz over the 25.5m length of the buncher while rf cavity gradients increase from 0 to 15.8 MV/m.  In the Rotator section, reference particle Mode 4 is used with REFP decelerating by 0.2 MV/m and REF2 accelerating by 4.5 MV/m in the cavities. The reference particles are phased 12.05  apart with REFP at zero crossing, and the rf gradient is set at 20 MV/m.  At these parameters, the rf frequency decreases from 370 to 327 MHz over the 27m long buncher. The reference particles converge to the same momentum (245 MeV/c) at the end of the buncher.
	The Cooling section uses the same transverse focusing used for the IDS neutrino factory (β* = ~0.8m) and acceleration model 2 with particle mode 3 is used. The rf gradient is set to 25 MV/m in the reference case, with cooling obtained from 1.5 cm Li H slabs, with 2 slabs in each 0.75m cooling cell. The equation for (transverse) ionization cooling is:


The solution of this equation is:



, where
where LR = 96.6cm and dE/ds =1.73 MeV/cm for LiH, Es=14.1 MeV, we find εNeq = 0.0049 m at β* = 0.8 m.  With 2 1.5 cm absorbers in every 0.75m we have (dp/ds)/p =~0.03 m-1.
325MHz Example Results
	Figure 1 displays the geometry for our initial 325 MHz example, which has been simulated in ICOOL. An initial beam distribution of π’s and ’s as generated from a MARS simulation of 8 GeV protons on a Hg target are propagated down the transport, through the Drift, Buncher, Rotator and 100m of a Cooler. An initial attempt using 50cm cavities required very high gradients for capture, and the problem was identified as the transit time factor, which greatly reduces the effective gradient, particularly for the higher frequencies.  With the reference cavity length reduced to 0.25, much more reasonable results are obtained.  The acceptance is restricted by the small apertures in high-frequency buncher cavities (with frequencies up to 550MHz), so that the emittance at the start of the cooling channel is ~0.0145 m.  
	In spite of the aperture restrictions, capture performance is adequate and comparable to 200 MHz solutions.  Figure 2 shows longitudinal phase space snapshots of the beam as it propagates down the system.  The beam is formed into a train of 325MHz bunches with central momenta of ~245MeV/c.  This train is ~50m long, but relatively sparsely populated toward the end of the train. ~70% of accepted ’s are in the most populated 21 bunches.(~20 m) 
	The overall performance is similar to the previous baseline 201.25 MHz solutions. After ~50m of cooling, we find that the system accepts ~0.12+/ 8 GeV proton within ECALC9 reference acceptances of  L,N <0.2 m, t,N <0.03 m,[9] which are the estimated acceptances of the downstream acceleration and storage rings. (The cooling system also cools μ+ and μ- at the same rate.)
325MHz Variant Studies
	As initially configured, the 325 MHz case starts with ~550MHz which is a relatively large number, and implies a small aperture in the pillbox geometry.  That rf frequency can be reduced if the drift length before the buncher is increased, and that can be done by reducing the buncher and rotator lengths.  We therefore developed a variant, retaining the same reference particles and N=12 bunch spacing, but reducing the Buncher to 21m and the Rotator to 24m.  Figure 4 displays the geometry of our variant 325 MHz example. With the new parameters the rf frequencies vary from 490 to 365 MHz in the buncher and from 364 to 326.5MHz in the Rotator.
	The initial beam acceptance is significantly improved by the resulting increase in the Buncher cavity apertures. The emittance of the beam accepted by the Buncher/Rotator is increased to ~0.016 m (from~0.0145 m) and ~10% more muons enter the Cooler.  Following cooling, the number of μ’s accepted within the reference acceptances is about the same as the initial example, although a slightly longer cooling channel is needed. We choose this case as a slightly more desirable reference case than the initial example, since it uses lower frequency rf, and it is more economical with a shorter buncher and rotator. 
[bookmark: _GoBack]	Figures 5A and 5B display some simulation results for this example, displaying the ’s accepted downstream and the beam emittances.  In Figure 5A the upper trace shows ’s within the acceptance /window of 0.15< P<0.35 MeV/c. This increases to ~2500/10000p (0.25/p) over the length of the rotator, showing the effect of the movement of the captured bunches to ~245 MeV/c. The next trace shows the number ’s captured in 325 MHz rf bunches centered at 245 MeV/c with amplitudes At  <.03 m and AL <0.2 m, as calculated with the reference program ECALC9. This is the approximated acceptance of the neutrino factory accelerator. This increases from ~0.055 /p at the beginning of the cooling channel, where the 325 MHz rf system begins, to ~0.125 /p after ~60 m of cooling. (The lower trace shows acceptance within At < 0.015, which is roughly half of the baseline.) In that distance the transverse rms emittance has been cooled from ~0.016 m to ~0.007 m. Figure 5B shows the progression of transverse and longitudinal 325 MHz bunch emittances through the system, with the cooling length extended to ~100m to explore the dependence on length. The transverse emittance is “reduced” at z = 60 m by the restricted aperture of the rf cavities.  Ionization cooling begins at z = 102 m and the rms transverse emittance decreases from ~0.016 to 0.006 m  over the 100m.  
	The 325 MHz longitudinal emittance “drops” over the buncher to ~0.05m as the beam is captured into the 325 MHz rf system, and then slightly decreases to ~0.04m with beam loss in the Cooler. At these parameters there is no longitudinal cooling expected; the slight decrease is presumed to be due to the beam loss.
	At the reference cooling distance of 60m, there are ~0.20 /p within the 0.25±0.10 MeV/c window, with ~0.125 /p within the ECALC9 reference acceptance. The rms transverse emittance of the windowed beam is 0.007m and the longitudinal emittance is 0.04m.
      

   
Figure 4: Overview of the revised front end, consisting of a target solenoid (20 T), a tapered capture solenoid (20 T to 2.0T, 14.75 m long), Drift section (42 m), rf Buncher (21 m), an energy-phase Rotator (24 m), and a Cooler (up to 80 m).
Other Variations
	From this baseline we have begun exploration of variations on the simulation parameters. Reducing gradients from (25/20/15) MV/m to (22.5/18/12.5) reduced acceptance from ~0.125 /p to ~0.115. A further reduction to 20/16/12 reduced acceptance further to ~0.102 /p, and a reduction to 16/13/10 reduced acceptance to an undesirable 0.075 /p, a significantly deteriorated value. Modification of the cooling to 1cm absorbers only improved this to about 0.082.  It appears undesirable to use this 325 system with lower gradients. A potential reason for this relative deterioration at 16 MV/m is that the bunching and rotation becomes less adiabatic.  A longer Front End system may be more adiabatic, even with reduced rf gradient, and may be preferred at lower gradients.
	From the aperture constraints it appears to be desirable to increase the focusing in order to make the beam smaller, particularly through the Buncher.  We tried a case where the focusing fields in the Drift/Buncher/Rotator were increased to ~3 T, and the Cooler was also increased in focusing by 50%.  This increased the ’s within the channel by ~5%, but did not significantly improve the /p within the reference acceptance. Further study is needed to see if there is a more optimum focusing system. 
Summary
We have developed a front end for a muon collider or neutrino factory based on a final rf frequency of 325MHz. Overall performance and properties are similar to the previous 201.25MHz cases.  Further study is needed to determine if that can be improved and if the 325 solution is (or is not) preferable to the 201.25 cases.
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Fig. 3. These figures show longitudinal phase plots of simulated beam at the target (z=1), at the end of the Drift(z=58m), at the end of the Buncher (z=78m) and at the end of the Rotator (z=104m), and at the end of an ~50m Cooler (z=151m). In each plot the x-coordinate is c (‑20 to 40m), and the y-coordinate is momentum (0 to 800MeV/c). Only one sign is presented: black particles are π+, blue are μ+.







Fig.5A Muons per 10000 protons (8 GeV) on target accepted by the reference 325 MHz system
Upper line: all mu within (0.15 GeV/c < Pmu <0.35 GeV/c)
Intermediate line: mu within reference acceptance: At <0.03m, AL<0.2m 
Lower line: more restricted acceptance: At <0.015m, AL<0.2m 
An optimum cooling channel might end at z=160 m, where /p at reference acceptance is ~0.125, and the beam is cooled to ~0.007m rms emittance.

Figure 5B: Ecalc9 longitudinal and transverse emittances through the channel. Cooling starts at z=102m (end of buncher/rotator) 
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