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Abstract

Bunch-width compression can be accomplished by rf rotating an elongated bunch
with minimal energy spread. The longitudinal space-charge force counteracts the rf
force. When it is larger than the rf force, the focusing effect of the rf will be lost
completely. This possibility is studied with analytic formulas as well as simulations.
The transverse space-charge force can drive quadrupole breathing modes in the beam.
If the frequencies of these modes fall into the stopbands of parametric resonances,
especially the half-integer resonances, emittances will increase. Application is made to
the bunch-width compression in the Fermilab Compressor Ring proposed by Alexahin

and Neuffer [1], destined for pion and subsequently muon production.



1 Introduction

The proton source for the muon collider or neutral factory at Fermilab consists of accu-
mulating four bunches each of intensity N, = 0.525 x 10 in the Accumulator Ring (AR)
using the 3.87-MHz rf [1]. They are compressed to a final rms fractional energy spread of
op = 5.2 x 107* and rms bunch length o.; = 29.2 ns by lowering the rf voltage adiabatically.
These four bunches are then transferred to the Compressor Ring (CR) one at a time for the
neutrino factory or all at the same time for the muon collider. Inside the CR, these bunches
are rotated by the CR 3.87-MHz rf with a voltage of Vi = 240 kV and harmonic h = 4
hoping to create bunches as narrow as rms width o, = 3.2 ns. The question to answer here
is whether the space-charge effects of these intense narrow bunches are significant or not. If

yes, would they cause any adverse effects to the bunch rotation?

In section 2, we study the longitudinal space-charge effects. We first assume that the
linear beam distribution is Gaussian turn after turn. The space-charge induced defocusing
force is estimated and compared with the bunching rf force. Then numerical simulations are
described by computing the longitudinal space-charge force numerically. Our computation
shows that at the present bunch intensity the space-charge distortion of the rf potential,
although not small, is still insignificant in causing disastrous effects to the beam narrowing.
In section 3, the transverse space-charge forces are computed and the transverse incoher-
ent space-charge tune shifts are derived. Since the coherent dipole space-charge tune shifts
vanish, we need to compute the coherent quadrupole coherent space-charge tune shifts of
the breathing modes. This requires the solution of the envelope equation. Our computation
shows that the coherent quadrupole coherent space-charge tune shifts are ~ 2 x 0.06 hori-
zontally and vertically, which will not be large enough to shift the betatron tunes into the

half-integer stopbands. Conclusions are given in Sec. 4.

2 Longitudinal Space-Charge Effects During Rotation

2.1 Estimation

Consider a bunch of longitudinal linear distribution A(7), normalized to unity when inte-

grated over the time advance 7. Due to the variation of the linear distribution, a particle in



the bunch at the beam axis sees a longitudinal space-charge force

e2goNyZo dN(T)
Espe = 2.1
¢Eapen(7) A2 (% dt (2.1)
where NN, is the number of particles in the bunch, e is the proton charge,
b
go=1+2In— (2.2)

a

is the geometric factor, with a and b being the effective beam radius and effective vacuum-
chamber radius, v and (3 are the relativistic factors, c is the velocity of light, and Zy ~ 376.6 €2

is the free-space impedance. In one turn, the particle at time-advance 7 gains an energy of
AEgen = 2mReEepen(T).

For a Gaussian bunch of rms length o, the linear density is
1
V2ro,

where 7 is the time-advance of the center of the bunch. The gradient of the linear density

() e~(r=m)/2o%, (2.3)
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Thus the simplest approximate way to incorporate longitudinal space-charge is to assume

(2.4)

the bunch to have a Gaussian distribution at the end of turn, compute the o, and use
the above expression to compute the increase in energy due to the space-charge force. This

energy increase is to be compared with the energy increase coming from the rf voltage wave

2
AEy; = eVipsin L, (2.5)

To
where 7, = Ty/h is the bucket width at the rf harmonic h, Ty = 27/wy is the revolution
period of the ring, and V¢ is the rf voltage. The ratio of the two energy increases is

AE'spch

R = AE.

(2.6)

Using the expressions in Eqs. (2.1), (2.4), (2.5), and limiting the derivation to region close
to the longitudinal center of the bunch, we obtain

1 egoNbZng
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R = (2.7)

Actually, R denotes the ratio of the gradients of the two forces. Now the CR parameters
listed in Table I are substituted [1]. With the space-charge geometric parameter go = 5 and



Table I: Some parameters of the CR and its bunches

Circumference (m) 308.23
Momentum compaction 0.0010
Kinetic beam energy (GeV) 8.0
Revolution frequency f, (MHz) 0.9673
RF harmonic h 4
RF voltage (kV) 240
Slippage factor 7 —1.002 x 1072
Synchrotron tune v 4.161 x 1074
Initial rms bunch width o,; (ns) 29.2
Initial rms energy spread AE/FE 5.2 x 1074
Rms unnormalized vertical/horizontal emittance €, , (7um) 5
Betatron bare tunes vy, /1o, 6.76/8.44

final rms beam width 0,5 = 3.2 ns at the end of rotation, this space-charge-to-rf-force ratio
is R = 29.5. In other words, the space-charge force dominates over the rf force at the center
of the rotated beam, and beam rotation can become impossible. To draw a conclusion,

however, we must recognize the followings:

1. The final rms bunch length of o,y = 3.2 ns quoted in Ref. [1] probably comes from
extracting the central part of the rotated bunch. There are tails on both sides of
the bunch because the initial bunch before rotation is of rms width o, = 29.2 ns,
which is quite long. The rf bucket width is 7, = 258.46 ns. The space-charge force is
proportional to the gradient of the beam including the tails. Thus in Eq. (2.7), the rms
width of the whole beam should be used instead. In Fig. 2 below, simulation shows
that the rms width of the whole beam after rotation is 0,5 ~ 5.0 ns. Using this ratio,

the space-charge force ratio reduces to R = 7.73, which is 3.8 times smaller.

2. During bunch rotation, the bunch width contracts and assumes a minimum only at

the end of the rotation. The force ratio, according to above, is

1 1
Rx — = . (2.8)
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The variation of the space-charge force ratio R during the rotation process is depicted
in Fig. 1. We see that the ratio increases from R = 0.0388 at start to 7.727 at the end
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Figure 1: The ratio R of the space-charge force to the rf force as a function of time is shown. The
ratio increases from R = 0.0388 at start to 7.727 at the end of the rotation.

of the rotation. Note that R > 1 and increases sharply for only 20% of the time near
the end of the rotation. The small-amplitude synchrotron tune is v, = 4.16 x 1074,
or the rotation takes place for about 600 turns. Thus the total force, space-charge
plus rf, is defocusing at the center of the bunch for about 120 turns only. It is hard
to determine whether how badly the bunch shape will be distorted and how long the
bunch will be lengthened.

2.2 Numerical Gradient Computation

The more accurate method, of course, is to compute the gradient of the beam density numer-
ically. First divide the bucket into n bins each of width A7 = 7,/n. Next the time advance
7; of the i*" particle is translated to S;, which ranges from 0 to n from the right side of the
bucket to the left, or

S =T,—. (2.9)

Ty

In this way, this particle will be placed into the k;™ bin, where

ki = int(S;) + 1, (2.10)



with int(S;) denoting the integer part of S;. After the placement into bins, the number of
particles in the & bin is my, with > &Mk = Np. The linear distribution is now

m

gk:ﬁba

(2.11)
with >, gr = 1. Now define for each particle

1
29
particle resides. This definition leads to |s;| < % The contribution of this particle to the

which is the center of the k;™® bin where it

where s; is measured with respect to k; —
gradient of the linear distribution at &;™ bin is, according to the three-point differentiation
rule [2],

N dg, 1 1 1

where the summation over 7 is over all particles in the k;"* bin. In above, A\(7) is the linear

distribution, which is normalized to unity when integrated over 7. Thus

dk
AN7)dr = gpdk  or A7) = gx— = Ik

— = (2.14)

2.3 Simulations

The width of the rf bucket in the CR is 7, = 258.5 ns. We divide it into n = 100 equal bins,
so that the bin width is A7 = 7,/n = 2.585 ns. The rotated beam is expected to have an rms
width of o, ~ 3 ns. Thus the beam occupies about 5.7 bins. The beam at start of rotation is
populated randomly in the longitudinal phase space in a bi-Gaussian way with o,; = 29.2 ns
and fraction energy offset op; = 5.20 x 10~*. One million macroparticles are employed in
each simulation, so that there will on the average 10000 macroparticles in each bin. The
statistical error will be ~ 1%, and will be much smaller in the central part of the beam.
So many macroparticles are needed in each bin because the linear density gradient is to be
computed. We consider this choice of binning parameters is reasonable in the simulations.
To support this claim, we have tried (1) to increase the number of bins to 150, and (2) to
decrease the number of macroparticles by a factor of two. There are no significant changes

in the outcome.
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Figure 2: Left: Rotated bunch in the longitudinal phase space with space-charge turned off (gg =
0). One million macroparticles are used. Right: Beam rms width o, versus rotation turn number
is shown in black when all beam particles are taken into account, and is shown in red when only

an energy-offset portion (depicted as the red box on the left plot) is considered.

The first simulation depicted in Fig. 2 is for the situation when space-charge is turned off
(go = 0). The left plot shows the particle distribution in the longitudinal phase space after
rotation, at turn 640. The rms bunch length at each turn is shown in black in the right plot.
The minimum is 4.73 ns at turn 660. This computation of the rms bunch length includes the
tails on both sides of the beam core. Also shown in the plot is the rms width of beam core,
which is defined here as energy offset between AE/E = +0.003 and time advance between
7 = +35 ns, depicted as the red box in the left plot of Fig. 2. The minimum rms bunch
width is 2.09 ns at turn 601. This value can be different from the rms beam width extracted,
for example, the value quoted by Ref. [1] in Table I. However, it serves here as a measure of
how narrow the beam core becomes after rotation. For the initial rms fractional energy offset
o = 5.20 x 1074, the bunch rotated by an rf voltage of 240 kV should have an rms width
of 0,4 = |n|ogi/(F*ws) = 2.08 ns, where we have used synchrotron frequency ws/2m = v fo,
with synchrotron tune v, = 4.162 x 10~*, revolution frequency f, = 0.9673 MHz, and slip

factor n = —1.0019 x 1072, The agreement with simulation has been remarkable.

Now space-charge is turned on. The left and right plots in Fig. 3 are simulations using
space-charge geometric factors go = 2.5 and 5, respectively. The total voltage, space-charge
and rf, in the middle plots show defocusing effects at the bunch center at turn 640. Compared
with the phase-space plot in Fig. 2, we can see from the first row of Fig. 3 a slight distortion of

the beam shape coming from space-charge when gy = 2.5 and a more pronounced distortion
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Figure 3: Left column is for space-charge geometric parameter gy = 2.5 and right column is for
go = 5. First row: Rotated bunch in the longitudinal phase space. One million macroparticles are
used. Second row: Total voltage in red, space-charge and rf, encountered by beam particles at turn
640. The rf voltage is in black. Third row: Beam rms width o, versus rotation turn number is
shown in black when all beam particles are taken into account, and is shown in red when only the
beam core, |AE/E| < 0.003 and |7| < 35 ns, is included.



when g = 5. The rms width of the core grows to 2.36 ns when gy = 2.5 and 2.65 ns when
go = 5. Notice that in Eq. (2.1), for example, go N, goes together. In other words, increasing

go is the same as increasing the beam intensity.

Figure 4 is the same as Fig. 3, but with the space-charge geometrical parameter increases
to go = 10 and gy = 20. Now the effects of the space-charge force are very much more
pronounced. The rms bunch width after rotation increases to o,y = 3.24 and 4.49 ns,

respectively.

2.4 Comments

The space-charge geometrical parameter gy is usually between 3 and 5. Even if gy = 5,
for the present beam intensity, the longitudinal space-charge does plays some role in the
bunch rotation. In the presence of space-charge, the rms width of the beam core increases
by (2.65 — 2.09)/2.09 = 27%. In the future, if the beam intensity is doubled (gy = 5), the
increase in bunch width will increase by (3.24 — 2.09)/2.09 = 55%. A quadruple increase
in beam intensity will have the rotated bunch width more than doubled. The rms widths
of the bunch core, defined by |AE/E| < 0.003 and |A7| < 35 ns, for various space-charge

factor gy are shown in Fig. 5.

3 'Transverse Space-Charge Effects

As the bunch narrowing proceeds, the space-charge tune shifts increase. We wish to investi-
gate whether the changes in tune shifts will be so large that the beam encounters the integer
stopband, half-integer stopband, or some important nonlinear resonances, resulting in the

increase of the transverse emittances.

3.1 Inocherent Space-Charge Tune Shifts

The horizontal and vertical space-charge tune shifts at the center of the beam are

NyroR 1 I
Apeen — oo <a( >Lk (3.15)
x7y

Y 2my3 3%y, 0r+0y) /) Ly’




0.02 0.02
14 14
Nb=0,525 10 Nb=0,525 10
0.01 99210 0.01 99220
- -
Turn # 640 . Turn # 640 s
* *
m .Il m .Il
w000 | w000 |
q . q .
"\ "\
-0.01 -0.01
-0.02 -100 -50 0 50 100 ~0.02 ~100 -50 0 50 100
Time Advance (ns) Time Advance (ns)
450:\\‘\\\\‘\\\\‘\\\\‘\\\\ - 450:\\‘\\\\‘\\\\‘\\\\‘\\\\ -
*9 N,=0.525 10" E *7 N,=0.525 10™ E
’>\ 250 ;— 90:10 —; /_>\ 250 ;— 90:20 | E
& s = & i =
o - —— w/ospch 1 o F  —— w/o spch i 3
D 50— . 4 O 50 . i -
S E — with spch N S E —— with spch ! N
g 50 [ | - g 50 [ —
- B between spch 1 3 B between spch g
5 W0 peaks: 10.3ns - 8 ®F peaks: 16.0ns =
- = 1 = -
e turn # 640 B e turn # 640 B
-350 [— e -350 |— e
_450:\\\\\\\\\\\\\\\\\\\\\\\\\: _450:\\\\\\\\\\\\\\\\\\\\\\‘\\:
-100 -50 0 50 100 -100 -50 0 50 100
Time Advance (ns) Time Advance (ns)
30 T T T T 30 T T T T
\ \ \ \ \ \ \ \ \ \
—— whole bunch 7 —— whole bunch 7
25— —— bunch core 25— —— bunch core —
2 5 2 5
= =
k=) k=)
= 15 = 15
= =
0 [%)]
S o " = 10 M
@ | N,=052510 o N,=0.525 10
=10 =20
s Y% s 9
| minc.=3.24ns — min 6,=4.49 ns _
0 | ‘ | ‘ | ‘ | ‘ | ‘ | ‘ | 0 | ‘ | ‘ | ‘ | ‘ | ‘ | ‘ |
0 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700
Turn Number Turn Number

Figure 4: Left column is for space-charge geometric parameter gy = 10 and right column is for
go = 20. First row: Rotated bunch in the longitudinal phase space. One million macroparticles
are used. Second row: Total voltage in red, space-charge and rf, encountered by beam particles at
turn 640. The rf voltage is in black. Third row: Beam rms width o, versus rotation turn number
is shown in black when all beam particles are taken into account, and is shown in red when only
the beam core, |AE/E| < 0.003 and |7| < 35 ns, is included.
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where I and I, are the peak and average beam current,

2 2
Z
e (3.16)

Are,me?  Ammy,c?

To

is the classical proton radius, and m,,c? is the proton rest energy. The horizontal and vertical
rms beam radii are denoted by o,, and (---) implies the averaging around the accelerator
ring. Since the CR is composed of an ordinary FODO lattice without exotic low-beta and/or

high-beta regions, we may employ the smooth approach by using average betatron functions

- R
_— 3.17
fra= (3.17)
and average rms beam radii. The average vertical rms beam radius is given by
oy =/ Byer: (3.18)

where €, denote the unnormalized rms horizontal and vertical emittances of the beam.
Since the horizontal beam size receives contribution also from the dispersion, the average
horizontal rms beam radius takes the form

Or = \/Bacew + (UED)27 (319)
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Figure 6: Maximum space-charge tune shifts of the beam in the CR during rotation with bunch
intensity N, = 0.525 x 10,

where o, is the rms momentum spread and D is the average dispersion, which is approxi-

mately 0.4 m.

For the beam injected into the CR, the unnormalized horizontal and vertical rms emit-
tances are both equal to €, , = 5 mum. The maximum space-charge tune shift occurs in the
time slice where the local current peaks. The space-charge tune shifts are at maximum at
turn 660. At that moment the rms energy spread is at a maximum of o, = 5.86 x 1073.
The transverse beam sizes are o, = 6.46 mm and o, = 5.39 mm. For bunch intensity
N, = 0.525 x 10, the evolution of the incoherent space-charge tune shifts during rotation

are shown in Fig. 6. The maxima are AvP™ = 0.190 and Ay = (.183.

The numerical results in Fig. 6 are different from Avh® = 0.14/0.16 quoted in Ref. [1].
The first difference is the rather lower tune-shift values than the simulation made in Fig. 6.
This may come about because we have been smoothing the CR lattice by introducing average
beam radii and average betatron functions. The second difference is the smaller horizontal

tune shift than the vertical. Notice that the incoherent space-charge tune shifts scale as
APt y.0,

= (3.20)

h )
Al/ZpC Yoz Oy
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where v, 0, are the bare betatron tunes. If the dispersion is not included, this becomes

A spch
Vﬁ ch Y (3.21)
Al/yp Doz €

Thus when the horizontal and vertical emittances are equal, larger betatron tune implies

smaller incoherent space-charge tune shift. The horizontal and vertical bare betatron tunes
are quoted in Ref. [1] as vy, = 6.76 and 1y, = 8.44. Thus the horizontal incoherent space-
charge tune shift should be larger than the vertical. It will be the dispersion function that
can change this around. So far we have been using an average dispersion of D = 0.4 m,
and the horizontal incoherent space-charge tune shift is larger than the vertical. We need
to raise it to 0.5 m to produce equal maximum incoherent space-charge tune shift for the
horizontal and vertical, and D = 0.6 m for the vertical to be ~ 4 % larger than the vertical.
But the lattice in Fig. 4 of Ref. [1] does not depict dispersion function of this large size. In
the discussion below, however, we will use the results AP = 0.14/0.16 quoted in Ref. [1].
This is because we believe that the detailed CR lattice has been taken into account there;

the results should be more accurate than our approximate computation here.

3.1.1 Interpretation

The maximum space-charge tune shifts are experienced by those particles at the center of
the central transverse slice of the beam. The gradient of the transverse space-charge force
decreases away from the center of the bunch and reverses sign roughly at one sigma of the
beam. If we make a rough model by assuming those particles within one sigma of the beam
core to have the maximum tune shifts in all transverse directions, while those outside do not
experience any space-charge force, the average space-charge tune shift will be reduced by the
factor of 1 — e~%/2 = (0.393 from the maxima to (AV;pCh)av = 0.055 and (AVZpCh)av = 0.063.
This estimation, however, is for the transverse slice where the peak local current or linear
density is maximum. We can extend the above model to the longitudinal direction as well;
i.e., particles residing in one sigma in the transverse and longitudinal direction will experience
the maximum space-charge tune shift, while particles outside one sigma does not experience

anything. The fractional particle number within the 3-D one sigma is

1 R 1 2
—r2/2 2 _ L T s Vo
)2 /0 e rdrd$) = erf (2) \/;e = 0.199, (3.22)

where erf(x) is the error function. Thus in this model, the average space-charge tune shifts
at the end of the bunch rotation are (AyP™),, = 0.028 and (AVZPCh)aV = 0.032. What
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we want to point out is that there is not a unique way to quote the incoherent space-
charge tune shifts of a bi-Gaussian or tri-Gaussian distributed bunch. However, it has been
shown repeatedly in the literature that the incoherent space-charge tune shifts alone do
not determine the encountering of parametric resonances [3, 4, 5. It is the coherent space-
charge tune shifts that determine when a parametric resonance is encountered. The theory
behind this statement is reviewed below. After that the coherent space-charge tune shifts

are computed.

3.2 The Integer and Half-Integer Resonances

For simplicity, we work in the Floquet space. The Floquet horizontal displacement X and
phase 1, are defined as

T 5 ds
- d Y
r=uE e /ouoxms)’

where x is the particle horizontal displacement at location s along the designed closed orbit,

(3.23)

B:(s) is the horizontal betatron function, and vy, is the bare horizontal betatron tune. The

equation of motion governing the ith particle in the horizontal direction is

d2Xi 2 ! ext
az Ve Xi =Y Fiy 4 FX(4n), (3.24)
z J

where Fj; is horizontal component of the force the jth particle acting on the i particle,
and Z; implies the summation over j but with j = ¢ excluded. Thus, Z; F;; is just the
horizontal space-charge force from all other particles acting on the i*" particle. The external
transverse force F*(¢,) comes from lattice error or imperfection around the ring. We now

take the average of Eq. (3.24) by summing over i, giving exactly
d*(X)

dy3
This result is obtained because of Newton’s third law: Fj; = —F}; when i # j. Subtracting

+ Ve (X) = F7 (v0). (3.25)

Eq. (3.25) from Eq. (3.24), we arrive at the incoherent equation
d2

dgz X = )+, (K= () = 3Ry, (3.26)

If the space-charge force ) j'E-j on the right-hand side is linearized, it will give rise to an

incoherent space-charge tune shift for particle i. We learn from Eq. (3.25) that the external
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force from the lattice F&* will drive the center of the beam into resonance if the bare tune
Vo, 1s an integer. However, this external force is absent in Eq. (3.26) and therefore will not

drive any integer resonance no matter how big the incoherent space-charge tune shift is.

We try to study the half-integer resonance in a similar way. The equation of transverse
motion for a particle with an external quadrupole-error force X F'(1),) is
d*X

a0z + 3 X = =20, AUPN(X — (X)) + X F (i), (3.27)

where a linear space-charge force —2uvp, AP (X — (X)) has been assumed. Coherent motion

is obtained by averaging Eq. (3.27),

d*(X)
dy

and the difference gives the incoherent motion,

+ 1 (X) = (X)F (¥0), (3.28)

d2
a2

Equation (3.28) does show that the external quadrupole-error force acts on the center of the

(X = (X)) + (Ve + 2000 A07%) (X — (X)) = (X — (X)) F (1)) (3.29)

bunch and a half-integer resonance will be encountered if the bare tune v, is at a half integer.
However, Eq. (3.29) shows that the incoherent motion is driven by the quadrupole-error force
as well. But we should remember that a quadrupole in the lattice will change the size of
the particle beam and so will the quadrupole-error force. The incoherent space-charge tune
shift depends on the beam size, which is a function of the quadrupole error force X F(,).
Actually, the effect of the quadrupole-error force inside the incoherent space-charge tune
shift just cancels the quadrupole-error force on the right side of Eq. (3.29), leaving behind

an incoherent motion not affected by the quadrupole-error force [7].

So far we have shown that the dipole coherent space-charge tune shifts vanish, because
the field pattern moves with the beam. Thus to study the transverse space-charge effects
on the beam, we need to derive the coherent quadrupole space-charge tune shifts. Since
the space-charge force couples the horizontal and vertical phase spaces, we need to go to
the two-dimensional envelope equation and study the collective modes of oscillation that are

nonrigid.
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3.3 Sacherer Envelope Equations

Sacherer [6] showed that the rms horizontal width & = /((z — (z))?) and rms vertical width

7 =+/{((y — (y))?) of a beam that has the elliptical symmetrical distribution of the form
22
n(z,y;s) = n(— g S) , (3.30)

a?

satisfy the two-dimension envelope equation:

73 ,-)/3ﬂ2 j_}_y
2
- - €y 7’0)\ 1
+Ky(s)— =% — 523 ——=0. 3.31
Yy y( )y y3 /ygﬁQ x+y ( )

In above, K,(s) and K,(s) are the horizontal and vertical quadrupole force constants,

e = V(AP (Ap2) — (Aedp,)? and ¢, = /(Ay?) (Ap2) — (AyAp,)  (332)

are the horizontal and vertical unnormalized rms emittances, p, , are the horizontal and ver-
tical canonical momenta, A is the linear density that the distribution n(z,y; s) is normalized
to after integration over x and y, r( is the classical radius of the beam particle. The last terms
in Eq. (3.33) are the space-charge forces. The imperfect lattice error around the ring that
drive the integer and half-integer resonances has been left out for the time being, but will
be added later in Eq. (3.37) below. For a uniform distribution with elliptical symmetry in

two dimensions, the half widths of the beam are £ = 2z and ¢ = 2gy. The full emittances are

€ry = 4€,,, since we also have p,,, = 24/((Pry — (P2y))?). The envelope equation becomes

2 Argh 1

B4 Ky (s)i— 2 — 20—
o P4y
e Adrgh 1

~ ~ Y
+ Ky(s)y— = — T
y y( )y y3 73ﬁ2$+y

which is the Kapchinsky-Vladimirsky envelope equation [§].

0, (3.33)

Now let us come back to Eq. (3.31), which is the more general envelope equation. Using

the relations

BelBy

ﬁ/2 6 ﬁ// 12
5 +f+ﬁ§f(x:1 and %+%+B§Ky:1, (3.34)

the substitutions

3 7 3 i
X = and V=2 (3.35)
V€ e eyﬁy
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and the Floquet phases

wx:/os ds 4 zpy:/osﬂ (3.36)

Yoz B Voy3y ’

the envelope equation for the rms transverse beam spreads is transformed to

?X 9 S 7 W Ozt O

—— 4 (V3,4 200: Ay cos Nl ) X — 25 — 1 AR — 22— = 0,

d¢g ( 0. 0 77Z) ) X3 0 0. O'xX + O'yY

Y 2 - h Oz + 0

— + (15, + 21, Av,, cosn Y — =2 —pg, Ay — Y _ —. 3.37
dw; ( Oy Oy Y y¢y) V3 Oy Oy 0. X + ayY ( )

In above, o, = V/€,0; and 0, = \/€,3, are the rms spreads of the beam, and

)\T0R2

/73ﬁ27/0x0-ac(0-:v + Uy)

spc )\7"0R2
and  Ay,P h— Y (3.38)
Y Oyay(gx + Uy)

spch __
AP =

are the maximum incoherent space-charge tune shifts at the center of the beam, with A =
N,/ (27 R) being the average linear particle density. We have also included the parts in K,(s)
and K, (s) that correspond to quadrupole gradient errors as forces possessing horizontal n,-th

harmonic and vertical n,-th harmonic and total stopband widths Av,, and Av,,.
We first solve for the static beam radii
X=1+¢ and YV =1+¢, (3.39)

in terms of the incoherent space-charge tune shifts AvsPt and AZ/ZPCh via the two parameters

A spch Ayspch
Ap="2t and Ay=—Y— (3.40)
Vog Voy
Up to the second order, we get
A A2 AN, A A2 ALA
=L T @ d =44 ¥4 _ Ty 3.41
“=ET T T M AT T T TR (3:41)

The change in static radii of the beam is due to the influence of the space-charge force. Next,

the infinitesimal time-dependent displacements d, and ¢, are included:
X=1+&+6, and Y =1+¢, 49, (3.42)

Let us first study the special case of a round beam with o, = 0,,. However, the incoherent

space-charge tune shifts can still be unequal for the horizontal and vertical because horizontal



17

and vertical betatron tunes can be different. We obtain the equations for small-amplitude

oscillations:
d?6,
d; 0 Vo AV cos ngth, + O (A"’
s, | M N , (3.43)
Z2J 5y ngAychh cos nyiﬁy + 0 [(Ayi?ych)ﬂ
di?
where

Vo You:
M 2 8 4 2 8 8 (3.44)
B A, A2 AN 5A,  TAZ AN L, | '
— 5 Y, 4 — — + 2
2 8 8 0y 2 8 4 v
or
42 51/0xA1/;pCh 7(Ay;p‘3h)2 VoxVOyAV;pChAy;pCh
M= Yoz 2 8 4
B spch spch)2 spch spch
voy Avy (AryPet) VoeVoy AV Avs
2 8 8
VOxAV;pch (Ayzpch)Q VOxVOyAV;pChAVZpCh
2 8 8
(3.45)
e S ANz B T(AVPD)? vy AU Ayt
0y 2 8 4

It is clear that Eq. (3.43) is just a set of driven oscillatory equations. Thus the eigentunes
of M will give the coherent tunes of oscillation of the beam envelope. Analytic expressions
for the coherent eigentunes are straight forward, although pretty messy. Fortunately, we can
resort to numerical solution. The coherent eigentunes 1., are obtained by just solving the

quadratic equation
Vo — Veon (M1 + M) + MiiMay — MiaMay = 0, (3.46)

where M;; denote the matrix elements of M. There are only two physical eigentunes which
are real and positive. For beam rotation in the CR, the betatron tunes are vy, = 6.76
and vy, = 8.44. The maximum incoherent space-charge tune shifts given by Ref. [1] are
APt = (.14 and Ayzp‘:h = (0.16. The two coherent eigentunes are v;qn = 2 X 6.713 and
Vacon = 2 X 8.393. Thus the two coherent space-charge tune shifts are AvSP% = 2 x 0.047
and Aygizlfl = 2 x 0.047.
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If we include only first-order incoherent space-charge tune shifts in M, these coherent
tune shifts turn out to be the same within three significant figures. Thus the first-order
equation would be sufficient, although the two incoherent space-charge tune shifts AySPh =
0.14 and AyZpCh = 0.16, both may not be too small. In that case the solution can be written

in a more manageable form:

ot

1/2 -9 (Vgx + ng) _ < (VOQ;AV;pCh + VOyAV;pCh)

coh —

W

* { (V6 — VOy) (VO:c ng) (VOmAV;pCh + VOyAVZpCh)

25

16 (I/O;EAI/SPC I/OyAVZpCh)2 +

+

1 1/2
1 l/oxl/oyAV;pChAl/ZpCh } ) (3.47)

In addition, when the incoherent space-charge tune shifts are equal in the two transverse

spch __

directions, Av; Al/SpCh the above reduces to

Voo = 200 +13,) — 2 (vou + v0) AP

2 1
:l:\/4(l/gx_ygy>2_5(l/0x_l/0y>2(Vox‘i‘l/oy)AVSpCh_'_ 12 (VOx VOy)2+ZVOIZ/Oy (Al/;pCh)2.
(3.48)

Of course, one may argue that terms involving second order in incoherent space-charge
tune shifts should be omitted in Eqgs. (3.47) and (3.48) because only terms with first order
space-charge tune shift are included in M. When the two bare tunes are close so that
V0w — Voy| < Vo AUSP? the two coherent tunes are

, { 4D2 — 25, APh 2 (7 — FAvP®),

Veoh =

O Veon & (3.49)
452 — 3V0yAV;pCh 9 (17 o SAV;pCh)

3 )
where 20% = 13, + 15, This represents that the two transverse directions are tightly coupled.
The eigenfunctions are ~ (6,40, ) for the upper solution and ~ (,—d,) for the lower solution.
Thus, the upper solution is the symmetric breathing mode where the oscillations are in phase
in both transverse directions and the tune is 2 (7 — $AvSP®). The lower solution is the
antisymmetric mode where the beam envelope oscillates out of phase in the two transverse

directions with tune 2 (7 — 3ApsPh),

If the tune split is large so that |vg, — 1o, > Vo, AVPD, the oscillations in the two

transverse directions are almost uncoupled. The envelope oscillations in the two transverse
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directions are just two independent oscillators. The two coherent tunes becomes

{

3.4 General Solution

5 spch
) 43, — g, AvPh 2 (VO:c — 15ArP ) )

Veoh = or

(3.50)

Veoh =

2 _ 5 spch 5 spch
4vg, — Vo, Av, 2 (z/oy — 154, ) .

The most general situation is when AyP™ # Avs® and ¢, # o,. First we substitute the
static solution of Eq. (3.39) into the envelope equation (3.37). The solution up to second
order in space-charge tune shifts is

¢, = A, 1 +30y/0xA_§ _oyfos DA

T4 l+o,/0, 32 1+0,/0, 16 '

¢ - A, 1+ 3Ux/UyA_§ _ ou/0y Ay (3.51)
4 14+0,/0, 32 1+4+0,/0, 16

Now the oscillatory parts of the solution, ¢, and d,, are added. The result is the driven

oscillatory equation (3.43), but with the oscillatory matrix M replaced by

M11 o 2+% _ 7“‘%"‘(%)2& Z—z(l+%) AxAy
Vi 1+2 1+ § 1 (1+Z)p2 4
My Z_z Z_Z A2 (2—1)2 AA,
g, 12T (1422 (14Z)2 2 7
Ox Ox oz \2
Mn o, A o A_Z B (g_y) ALA,
vh, 1+ (14Z)2 2 (142) 2
30s 1205 4 (3022 A2 Iz 30s
MZQ _ 4_ 2+ oy o 7+ oy +( oy ) ﬁ Uy(l—"_ oy >A1Ay (3 52)
V3, 1+2 7 1+2= 8 (1+2)> 4 '

We now substitute the beam radii o, = 6.464 mm and o, = 5.391 mm at turn 660, but
still employ the incoherent space-charge tune shifts AvSPh = (.14 and Auzp‘:h = 0.16 quoted
in Ref. [1]. 2 X 6.717 and v5eop = 2 x 8.389. The
quadrupole coherent tune shifts are Avyeon = 2 X 0.043 and Avgeon = 2 X 0.051.

The coherent eigentunes are vy =

If we substitute instead the incoherent space-charge tune shifts obtained from our beam
rotation computation, i.e., AP = 0.190 and Auzp‘:h = 0.183, the eigentunes become
Vieoh = 2%6.701 and v9on = 2%8.382. and the coherent tune shift become Ayi“:(;}fl = 2x0.059
and Aygizlfl =2 x 0.058.
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3.5 Comments

1. Our computation shows that the quadrupole coherent space-charge tune shifts are of
the order of Al/?;foh = 2 x 0.060, less than one half of the incoherent tune shifts.
Since the bare tunes are vy, = 6.76 and 1y, = 8.44, the shifts are far away from the

half-integer resonances.

2. The computation has been for the center slice of the beam. If each transverse slice of
the beam is independent and is treated at a coasting beam, the quadrupole coherent
space-charge tune shifts for these off-center slices will be smaller because the local
beam current will be smaller. In other words the coherent tune shifts become coherent
tune spreads. Nevertheless these spreads will still be far away from the half-integer

resonances.

However, each transverse slice is not independent because of synchrotron motion. The
correct way to attack the problem will be some three-dimensional theory that includes
the longitudinal as well, so that the coherent oscillation frequencies correspond to
collective modes of the bunch as a whole. The solution of such a problem will be left

to a future article.

4 Conclusions

We have studied the space-charge effects on the bunch narrowing rotation in the CR, both
longitudinally and transversely. Our investigation shows that at the present bunch intensity
the longitudinal space-charge force, although not too small, is still no able to cause significant
disastrous effects, like big bunch-width increase, to the beam rotation. The transverse space-
charge force will drive coherent quadrupole breathing modes of oscillation in the beam. But
at the present beam intensity, these coherent frequency shifts, Al/?;?oh ~ 2 x 0.06 will not
be large enough to lead these modes into the half-integer stopbands. However, if the bunch
intensity is doubled in the future, one will see significant beam-profile distortion in the beam
rotation as depicted in Fig. 4. Transversely, the coherent quadrupole tune shifts are still not
large enough to shift the beam into the half-integer stopbands even if the bunch intensity is

doubled. But the encountering of other higher-order parametric resonances can be possible.
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